A formula is given for the first coefficient of the Conway polynomial of a link in terms of its linking numbers. A graphical interpretation of this formula is also given.
Introduction. Suppose that L is an oriented link of n components in 53. Associated to L is its Conway polynomial V¿(z), which must be of the form VL(z) = z-1[a0 + alz2+ ■■■+amz2m\.
Let VL(z) = VL(z)/z"~1.
In this paper we shall give a formula for a0 = VL(0) which depends only on the linking numbers of L. We will also give a graphical interpretation of this formula.
It should be noted that the formula we give was previously shown to be true up to absolute value in [3] . The author wishes to thank Hitoshi Murakami for bringing Professor Hosakawa's paper to his attention.
We shall assume a basic familiarity with the Conway polynomial and its properties. The reader is referred to [1, 2, 4, 5 and 6] for a more detailed exposition. The fact that VL(z) has the form described above can be found in [4 or 6] , for example. Proof. It follows from Theorem 1 that V¿(0) is a finite sum of terms, where each term is a product of n -1 linking numbers together with some integer coefficient. Now each term is actually the product of n -1 distinct linking numbers. For consider some /, . It appears in only four entries of ££, namely /,,, /,. , I ¡, and //;. Hence l¡¡ appears only once in the (/, i) minor of =S?and so cannot appear to any power greater than one in.5?,,. Thus we have shown that
gee where e(g) is some integer. We want to show that e(g) is one if g is a tree and zero otherwise. Let yq be the matrix obtained from ¿£s by setting each l¡¡ equal to 1 or 0 depending on whether l¡¡ is associated to g or not. Furthermore, let Lg be any link having^?g as its linking matrix. Now it follows from (2.1) that (-\)"le(g) = vz .,(0). Now suppose that g is not a tree. Then g is either disconnected or misses a vertex of T. For suppose that g is connected but is not a tree. Then g contains some loop. This loop has an equal number of edges and vertices. Adding the remaining edges of g cannot increase the number of vertices beyond the number of edges. Hence g has at most n -1 vertices since it has « -1 edges. Therefore we may choose a split link L8 with linking matrix ¿¡?g. But the Conway polynomial of a split link is zero and hence e(g) = 0.
Thus it only remains to show that e(g) = 1 if g is a tree. We shall do this by inducting on n. If n = 2 it is shown in [4] that VL(0) = -ll2-1 This starts the induction. Now suppose that L has « components and that the theorem is true for links with fewer components. Since g is a tree, there is some outermost vertex, say K¿, which is connected by an outermost edge to K,. Now choose Lg so that it appears in part as shown in Figure 2 But L' has n -1 components and so by our inductive hypothesis, and the fact that T(L') has only one subtree h for which h + 0, we have Vz_s(0) = (-1)"-1. Hence e(g) =1.
D As a final remark, note that the number of terms in E 6rg is given by (-l)n-\Sf^ -, where J §?, is the (i, j) cofactor of the matrix =S?which is obtained from.S'by setting the linking numbers equal to 1. It can easily be shown that this number is n"~2.
